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A b s t r a c t  - 
A g e n e r a l i z e d  f o r m u l a t l o n  f o r  c o n s t r u c t l n g  

second- and h i g h e r - o r d e r  accu ra te  T V D  ( t o t a l  va r i -  
a t i o n  d l m l n l s h i n g )  schemes I s  presented .  A g iven  
scheme i s  made TVD by l l m l t i n g  a n t i d i f f u s l v e  f l u x  
d i f f e r e n c e s  w i t h  some n o n l i n e a r  f u n c t l o n s .  
s o - c a l l e d  l l m l t e r s .  The genera l  i d e a  o f  t h e  formu- 
l a t i o n  and i t s  mathemat ica l  p r o o f  o f  H a r t e n ' s  TVD 
c o n d i t l o n s  I s  shown by a p p l y l n g  t h e  Lax-Wendroff  
method t o  a s c a l a r  n o n l i n e a r  e q u a t i o n  and cons tan t -  
c o e f f i c i e n t  system o f  c o n s e r v a t l o n  laws.  For  the 
system o f  equa t ions ,  we d e r i v e  seve ra l  d e f i n i t i o n s  
f o r  t h e  argument used I n  t h e  l l m l t e r  f u n c t i o n  and 
p resen t  t h e i r  performance i n  numer i ca l  exper iments.  
Then t h e  f o r m u l a t l o n  I s  f o r m a l l y  extended t o  the  
n o n l l n e a r  system o f  equa t ions .  I t  1s  demonstrated 
t h a t  use o f  t h e  p r e s e n t  p rocedure  a l l o w s  easy 
c o n v e r s i o n  o f  e x i s t i n g  c e n t r a l  o r  upwind, and 
second-or h i g h e r - o r d e r  d i f f e r e n c i n g  schemes so as 
t o  p r e s e r v e  m o n o t o n i c i t y  and t o  y i e l d  p h y s i c a l l y  
admissab le  s o l u t i o n s .  The f o r m u l a t l o n  1s s lmp le  
m a t h e m a t i c a l l y  as w e l l  as n u m e r i c a l l y ;  n e i t h e r  
m a t r i x - v e c t o r  m u l t l p l l c a t l o n  n o r  Riemann s o l v e r  
i s  r e q u l r e d .  Roughly t w i c e  as much computa t iona l  
e f f o r t  I s  needed as compared t o  c o n v e n t i o n a l  
scheme. A l though  t h e  n o t i o n  o f  TVD I s  based on 
t h e  I n i t i a l  v a l u e  problem, a p p l i c a t i o n  t o  t h e  
s teady  E u l e r  equa t ions  o f  t h e  f o r m u l a t i o n  i s  a lso  
made. Numer ica l  examples I n c l u d i n g  v a r i o u s  ranges 
o f  p rob lems show b o t h  t ime-  and s p a t i a l - a c c u r a c y  
I n  compar ison  w l t h  e x a c t  s o l u t i o n s .  

I n  t roduc t 1 on ___- 

Recen t l y  s e v e r a l  second-order,  n o n o s c l l l a t o r y  
schemes have been proposed f o r  s o l v i n g  hyperbo l i c  
system o f  c o n s e r v a t i o n  laws, as a means t o  o b t a i n  
a c c u r a t e  weak s o l u t i o n s .  ( h e r e a f t e r  t h e  t e r m  
"second-order  accuracy' '  I s  a p p l i e d  o n l y  I n  t h e  
r e g i o n  e x c l u d l n g  p o l n t  o f  extrema i n  f l u x e s )  See, 
f o r  example, van Leer1. Har ten2,  Roe3. and Osher 
and Chakravar thy4 .  Sueby5 p resen ted  a u n i f i e d  
f o r m u l a t l o n  I n  wh lch  these  independen t l y  proposed 
schemes b o l l e d  down t o  u s l n g  d i f f e r e n t  forms of 
f l u x  l i m i t e r s  due o r l g l n a l l y  t o  van Leer1. 
Har ten2 I n t r o d u c e d  t h e  n o t i o n  o f  TVD ( t o t a l  v a r i -  
a t i o n  d i m i n i s h i n g )  and gave s u f f l c i e n t  cond i t i ons  
f o r  a c l a s s  o f  5 - p o i n t .  e x p l i c i t  schemes t o  be 
second-order a c c u r a t e  as w e l l  as TVD. I t  i s  easy 
t o  show t h a t  a l l  second- and h i g h e r - o r d e r  schemes 
can a lways  be r e c a s t  as a comb ina t lon  of  some 
f i r s t - o r d e r .  s t a b l e  scheme w l t h  h i g h e r - o r d e r  terms. 
The f i r s t - o r d e r  scheme i s  t o o  d i s s i p a t i v e ,  espe- 
c i a l l y  c r u d e  I n  t h e  reg ions  o f  h i g h  g r a d l e n t s .  
Consequent ly  these  h i g h e r - o r d e r  terms a r e  added t o  
t a k e  away excess i ve  d i f f u s l v l t y ,  hence a p p r o p r l -  
a t e 1  c a l l e d  a n t l d l f f u s l v e  terms by B o r i s  and 
Bookg, w h i l e  m a l n t a i n l n g  s t a b l l l t y .  I t  i s  w e l l -  
known t h a t  c o n v e n t l o n a l  second- ( o r  h i g h e r )  order. 
s h o c k - c a p t u r l n g  schemes produce spu r lous  o s c l l l a -  
t i o n s  near  d l s c o n t l n u t l e s  and g e n e r a l l y  r e q u l r e  
c o n s i d e r a b l e  numer l ca l  d l s s i p a t i o n .  Thus, t h e  
b a s i c  schemes must be a l t e r e d  ( e . g . ,  by I l m l t i n g  
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f l u x  d i f f e r e n c e s  i n  ou r  case)  t o  meet such r e q u i r e -  
ments as ( 1 )  y i e l d i n g  monotonic and sharp  rep re -  
s e n t a t i o n  o f  jumps. and ( 2 )  s a t l s f y i n g  t h e  en t ropy  
c o n d i t l o n  so as t o  a u t o m a t i c a l l y  s e l e c t  p h y s l c a l l y  
r e l e v a n t  s o l u t i o n s .  
a t t a c k e d  t h i s  p rob lem and a r r i v e d  a t  h i s  second- 
o r d e r  scheme. The c r u x  o f  t h e  m a t t e r  I s  t o  f o r m  a 
n o n l i n e a r  comb lna t ion  o f  t h e  u n d e r l y j n g  f l r s t - o r d e r  
scheme and t h e  rema in ing  a n t i d i f f u s i v e  terms. 
Hence we v iew  t h a t  i n  second- and h i g h e r - o r d e r  TVD 
schemes t h e  a n t i d i f f u s i v e  terms b a s i c a l l y  p l a y  
seeming ly  uncompromlslng r o l e s  o f  b o t h  i n c r e a s i n g  
accuracy  and d l m i n l s h l n g  t h e  t o t a l  v a r i a t i o n .  We 
a l s o  remark t h a t  a l l  TVD schemes c l t e d  above use 
some f o r m  o f  an upw ind ing  scheme as t h e  u n d e r l y l n g  
f i r s t - o r d e r  scheme. I n  t h i s  paper we app ly  t h i s  
p r l n c i p l e  t o  f o r m u l a t e  our  TVD scheme w l t h  empha- 
s l s  on n o n l i n e a r  systems o f  c o n s e r v a t l o n  laws, 
namely E u l e r  equa t ions .  T h i s  approach appears 
n a t u r a l  and s t r a i g h t f o r w a r d  f o r  e x t e n s i o n  t o  
m u l t i s p a c e  d imens ions .  A l though r l g o r o u s  mathe- 
m a t i c a l  p rocedures  a r e  f o l l o w e d  t o  ensure  H a r t e n ' s  
TVD c o n d l t l o n s ,  t h e  a c t u a l  imp lemen ta t i on  f o r  
s o l v i n g  t h e  m u l t l d i m e n s i o n a l  E u l e r  equa t ions  I s  
q u i t e  s imp le  and g e n e r a l .  I n  numer i ca l  t e s t s  we 
even c a r r i e d  over  t h e  same d l f f e r e n c e  schemes, 
p roved t o  be TVD i n  t h e  h y p e r b o l l c  system, 
d l r e c t l y  t o  t h e  s teady  E u l e r  equa t ions  whose t y p e  
I s  n o t  known. The same c h a r a c t e r l s t l c s  as t h a t  
ob ta lned  by s o l v i n g  uns teady  equa t lons  were found. 

t h e  n o n l i n e a r  s c a l a r  equa t ion .  The procedure  f o l -  
lows c l o s e l y  t o  t h a t  o f  Swebys, e s p e c i a l l y  I n  
t h e  TVD p r o o f ,  b u t  t h e y  d i f f e r  i n  t h e  d e f l n i t l o n  
o f  a b a s i c  f l r s t - o r d e r  scheme. The en t ropy  con- 
d i t i o n  i s  a l s o  examined. S e c t i o n  3 shows t h e  
e x t e n s l o n  t o  t h e  one-d imens iona l  system o f  con- 
s e r v a t l o n  laws and t h e  co r respond ing  TVD p r o p e r t y  
f o r  a l i n e a r i z e d  system. F i n a l l y .  a d e s c r l p t i o n  
o f  t h e  g e n e r i z a t l o n  t o  t h e  E u l e r  equa t ions  o f  gas 
dynamlcs i s  g i v e n  i n  S e c t i o n  4. A p p l i c a t l o n  t o  
s teady  equa t ions ,  use  o f  b o t h  e x p l l c l t  and 
i m p l i c i t  schemes, c e n t r a l  and upwlnd ing  d i f f e r -  
ences a r e  a l s o  i n c l u d e d .  

Van Leer1  f i r s t  s u c c e s s f u l l y  

S e c t i o n  2 shows t h e  p resen t  f o r m u l a t l o n  f o r  

Second-order TVD Scheme f o r  N o n l i n e a r  
S c a l a r  Equa t lon  

To f a c l l i a t e  unders tand ing  o f  t h e  p resen t  
f o r m u l a t i o n .  f i r s t  we cons ide r  t h e  numer l ca l  s o l u -  
t i o n  o f  t h e  s c a l a r  n o n l i n e a r  c o n s e r v a t l o n  law i n  
one space 

____. ____ _____-___ 

u + f  ( u )  = 0 ,  t > O ,  - = < x < =  

u(x,O) = u ( x )  

t x  
(2 .1 )  

0 

For  Eq. (2 .1 )  t o  be o f  h y p e r b o l i c  t y p e ,  t h e  f l u x  
f u n c t l o n  f ( u )  has a r e a l  d e r l v a t l v e  a = d f / d u  
w l t h  c h a r a c t e r i s t i c  cu rve  desc r ibed  by d x / d t  = a .  

Suppose a second- o r  h i g h e r - o r d e r  ( c e n t e r e d  
o r  one-s lded b iased)  d i f f e r e n c i n g  scheme I s  g l v e n  
(e .g . ,  Eq. ( 2 . 5 b ) ) .  t h e  p resen t  f o r m u l a t l o n  makes 
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i t  T V D - s a t i s f y i n g  by  the f o l l o w i n g  s teps :  ( 1 )  
Form a f i r s t - o r d e r ,  upwind d i f f e r e n c i n g ,  
(Eq. ( 2 . 5 a ) ) ;  ( 2 )  Car ry  ou t  s u b t r a c t i o n  o f  t h e  
d i f f e r e n c i n g s  and o b t a i n  t h e  rema in ing  terms, 
c a l l e d  a n t i d i f f u s i v e  terms, (Eq. (2 .6 ) ) ;  ( 3 )  L i m i t  
t h e  a n t i d i f f u s i v e  terms, (Eq. ( 2 . 7 ) ) ,  u s i n g  t h e  
s o - c a l l e d  f l u x - l i m i t e r  f unc t i on3 ; *  and ( 4 )  De te r -  
mine t h e  bounds of  t h e  l i m i t e r  f rom H a r t e n ' s  con- 
d i t i o n s 2 ,  as w e l l  as spec i f y  i t s  f u n c t i o n  fo rms.  

s p l i t t i n g  a ( u )  ( a  i s  r e a l  f u n c t i o n )  i n t o  "+"  and 
'I- I' p a r t s  , 

l h e  upwind ing  i s  conven ien t l y  ach ieved by 

t -  
a = a  + a  (2 .2a)  

where 

a t  0. a- 5 o (2.2b) 

l h u s  t h e  f l u x  f i s  s p l i t  a c c o r d i n g l y  by r e q u i r -  
i n g :  

( i )  f = f t  t f -  (2.3a) 

(11 )  at = (ft),,, a-  = ( f - ) u  (2 .3b)  

We n o t e  t h a t  how the s p l i t t i n g  ( n o t  un ique)  
i s  done i s  i r r e l e v a n t  i n  t h e  p resen t  a n a l y s i s .  I t  
i s  needed o n l y  i f  an ac tua l  c a l c u l a t i o n  i s  made. 
We a l s o  remark t h a t  Roe's f l u x  d i f f e r e n c e  s p l i t t -  
i n 9 3  can be a p p l i e d  equa l l y  w e l l ,  as w i l l  become 
c l e a r  l a t e r .  

L e t  us use t h e  n o t a t i o n  

(2 .4 )  

A - (  ) j  = ( ) j  - ( ) j - 1  

We now approx imate  f x :  

f x  = ( A + f -  t A-f+)/Ax, f i r s t - o r d e r  upwind ing  

(2 .5a)  

= ( A + f  t A'f)/2Ax, c e n t r a l - d i f f e r e n c i n g  

(2.5b) 

S u b t r a c t i n g  Eqs. (2.5a) f r o m  (2 .5b) .  we have t h e  
a n t i d i f f u s i v e  te rm 

A - ( A t f '  - A t f - ) / 2Ax  (2 .6 )  

The f l u x  d i f f e r e n c e s  A t f t  a r e  l i m i t e d  by ass ign -  
i n g  t h e  l i m i t e r  funct ' lons cpt and cp- r e s p e c t i v e l y ,  
and we w r i t e  

t t t  f x  = ( A t f -  t A- f t ) /AX + A - ( c p  A f - cp-.Atf-)/2AX 

(2 .7 )  

- - .. . _._ .. 
*S ince  I t  i s  t h e  f l u x  d i f f e r e n c e s ,  r a t h e r  

than  f l u x e s  themselves, t h a t  a r e  l i m i t e d ,  i t  m i g h t  
be more a p p r o p r i a t e  t o  c a l l  t h i s  t h e  f l u x -  
d i f f e r e n c e  l i m i t e r .  

I t  i s  n o t e d  t h a t  a l l o w i n g  d i f f e r e n t  f u n c t i o n s  Q+ 

and cp- t o  be  a s s o c i a t e d  w i t h  f t  and f -  i s  
e s s e n t i a l  f o r  t h e  p r o o f  o f  TVD.  

Now. t h e  i n t e g r a t i o n  scheme f o r  Eq. (2 .1 )  can 
be a p p l i e d .  To i l l u s t r a t e  some p r e l i m i n a r i e s  o f  
TVD and H a r t e n ' s  c o n d l t l o n s ,  we c o n s i d e r  t h e  
f i r s t - o r d e r  E u l e r  e x p l i c i t  scheme w i t h  t h e  use o f  
upwind d i f f e r e n c i n g ,  Eq. (2 .5a) .  Then we have 

o r  

l h i s  i s  r e w r i t t e n  i n  a genera l  f o r m  

We now d e f i n e  t h e  t o t a l  v a r i a t i o n  o f  t h e  mesh 
s o l u t i o n  u t o  be 

TV(u) = x l A t U j (  (2.10) 
j 

A numer i ca l  scheme i s  s a i d  t o  be TVD i f  

TV(untl) 5 TV(un) (2 .11)  

Har ten2 gave s u f f i c i e n t  c o n d i t i o n s  f o r  Eq. (2 .9 )  
t o  be TVD.  

Lemma ( H a r t e n ) .  L e t  t h e  c o e f f i c i e n t s  C t  and 
C- I n  Eq. (2 .9 )  s a t i s f y  t h e  I n e q u a l i t l e s  

(2.1 2a) c t  > 0 
j -  

c- > 0 
j -  

c +  t c- < 1 
j j -  

t hen  t h e  scheme Eq. (2 .9 )  i s  TVD. 

For smooth f u n c t i o n s  f f ,  we 

j 

+ -  

(2.1 2b) 

(2.12c) 

have 

where Atuj =  AX) 

Hence Eqs. (2.12a) and (2.12b) a r e  s a t i s f i e d  by  
Eq. (2 .2b)  and t h e  t h i r d  i n e q u a l i t y ,  Eq. ( 2 . 1 2 ~ )  
r e q u i  r e s  



( 2.1 3a) 

o r  

wh lch  1 s  i d e n t i c a l  t o  t h e  CFL s t a b l l l t y  c o n d l t l o n .  

Roe3 proposed ano the r  t y p e  o f  s p l l t t l n g  l n  
wh lch  t h e  f l u x  d l f f e r e n c e s  a r e  expressed i n  terms 
of  t h e  mean va lue  o f  t h e  Jacob lan  m a t r l x .  The 
Jacob lan  m a t r l x  (1x1 i n  s c a l a r  case) I s  requ l red  
t o  s a t l s f y  

( 1 )  f ( u )  - f ( v )  = A(u.v)  ( u - V )  ( 2.14a) 

(11) A(u,u) = f u ( u )  = A(u)  (2.14b) 

(Ill) A(u,v) has r e a l  e lgenva lues  and a ( 2 . 1 4 ~ )  
comple te  s e t  o f  e igenvec to rs  

Roe3 has c o n s t r u c t e d  a l l n e a r l z a t l o n  o f  t h e  form 
Eq. (2 .14a)  hav ing  these  p r o p e r t i e s .  Har ten  and 
Lax7 show t h a t  such a Roe-type l l n e a r l z a t l o n  
e x l s t s  as l o n g  as t h e r e  i s  an en t ropy  f u n c t l o n .  
Hence, f r o m  Eqs. (2 .14)  we can w r l t e  

where a + ( u j , u j - 1 )  0, a - ( u j , u j + I )  5 0. For 

s c a l a r  e q u a t l o n  Eq. ( 2 , l ) .  t h e  p r o p e r t y ,  Eq.  ( 2 . 1 4 ~ )  
1 s  c l e a r l y  s a t l s f l e d .  Thus t h e  TVD c o n d l t l o n s  
Eq. (2.12) can be ensured by t h l s  c o n s t r u c t l o n  of 
a t  and a-. T h l s  concludes t h e  TVD cons lde r -  
a t l o n  o f  t h e  f i r s t - o r d e r  scheme Eq. (2 .8 ) .  

S lnce  f l r s t - o r d e r  schemes c o n t a l n  t o o  much 
d l s s l p a t l o n .  o f t e n  obscu r ing  t h e  phys l cs ,  we wish 
t o  c o n v e r t  them t o  TVD-sa t l s f y lng .  second-order 
a c c u r a t e  ( b o t h  I n  space and t lme)  schemes by add- 
i n g  l l m l t e d  a n t l d l f f u s l v e  terms. L e t  us cons lder  
t h e  one-s tep ,  Lax-Wendroff scheme 

2 3 
U;" = U y  - A t f :  t 0.5 A t  ( a f x ) :  t O(At  ) 

(2.16) 

The t h l r d  t e r m  on t h e  RHS o f  Eq. (2.16) I s  o f  
second-order  accuracy  and i s  cons lde red  as a pa r t  
o f  t h e  a n t l d l f f u s l v e  te rms.  We now can a p p l y  
l l m l t e r s  t o  y l e l d :  

where 

Hence we f l n d  

A f t e r  rea r rang lng ,  Eq. (2.18) becomes 

The u n d e r l y i n g  I d e a  o f  t h e  above arrangement I s  t o  
s e p a r a t e l y  group " + "  and "-" f l u x e s .  Th ls  t u r n s  
o u t  t o  be an Impor tan t  s t e p  f o r  t h e  TVD p r o o f .  
Now l e t  

T h l s  p r o v i d e s  us w l t h  an obv ious  c h o i c e  f o r  t h e  
f u n c t i o n a l  r e l a t l o n  f o r  t h e  l l m l t e r  f u n c t l o n ,  1.e.. 

where 

(2.21b) 



Hence Eq. (2 .20)  becomes Combining Eqs. ( 2 . 2 3 ~ )  t o  (2 .25)  l eads  t o  

0 5 k .  +l (2.26) 

Next ,  we i l l u s t r a t e  t h e  e n t r o p y  c o n d i t i o n  
w i t h  a s p e c i f i c  example. L e t  f ( u )  = u2/2, hence 
a = u. An obv ious  s p l l t t i n g  o f  a g i v e s  

a+ = ( u  +- j u j ) / ~  (2.27) 

and 

(2.22a) 

(2.22b) 

We n o t e  t h a t  Eqs. (2 .19 )  t o  (2 .21  a r e  i d e n t l c a l  

o n l y  appear i n  t h e  d e t a i l ;  he re  we use t h e  whole a, 
r a t h e r  than  a t  and a- i n  ( r t ,  Ct) and (r-,  C - ) .  

Eqs. (2.12a) and (2.12b) a re  s a t l s f i e d  by 
requ t  r i n g  

i n  f o r m  t o  t h a t  o b t a i n e d  by Sweby 4 . D i f f e r e n c e s  

S ince  A - f t / A - U  2 0 and (-Atf- /AtU) 2 0. 

and Eq. ( 2 . 1 2 ~ )  leads  t o  the  c o n d i t i o n  

(2.23b) 
A'u 

o r  

A l a1  5 1 ( 2 . 2 3 ~ )  

Note t h a t  i n  Eq. (2 .23c) ,  t h e  T V D  c o n d i t i o n  
Eq. ( 2 . 1 2 ~ )  p u t s  t h e  same l i m i t  on t h e  CFL number 
as t h e  s t a b l l l t y  c o n d i t i o n  does. We n o t e  t h a t  
Swebys found: 
reduced t o  ach ieve  t h e  TVD c o n d i t i o n s  and ( 2 )  
Q 5 2. The d i f f e r e n c e s  between t h e  p resen t  
r e s u l t s  and Sweby's a r e  obv ious l y  due t o  t h e  d i f -  
fe rences  i n  f o r m u l a t i o n .  

( 1 )  t h e  CFL number must be 

We t u r n  now t o  t h e  d e t e r m i n a t i o n  o f  t h e  
bounds f o r  t h e  l i m i t e r  f u n c t i o n s .  A l l o w i n g  max- 
imum d i f f u s i v l t y  t o  occur o n l y  i n  t h e  f i r s t - o r d e r  
upwind ing  scheme r e q u l r e s  

cp+ 2 o f o r  any rf (2.24) 

For  a l l  TVD schemes Using l i m i t e r - t y p e  fo rmu la -  
t i o n s ,  an a d d i t i o n a l  c o n s t r a i n t  i s  imposed, 

q+ = 0, rf 5 o (2 .25)  

That  I s ,  a f i r s t - o r d e r  scheme r e v e r t s  as f l u x  d l f -  
fe rences  a t  n e i g h b o r i n g  p o l n t s  a r e  o f  o p p o s i t e  
s igns ,  i . e . ,  a t  p o i n t  of  extrema I n  f l u x .  Hence 
second-order accuracy  i s  l o s t  l o c a l l y .  Th i s  
appears a p r i c e  t h a t  has t o  b e  p a l d  t o  make t h e  
l i m i t e r - t y p e  scheme TVD. Recent development o f  
t h e  s o - c a l l e d  ENO(Essent ia l1y N o n O s c i l l a t o r y )  
scheme8 remedies t h i s  shortcoming, b u t  a l l o w s  
some I' con t r o 1 1 ed I' o s  c I 1 1 a t  l on s . 

+ +  
f -  = a-u/2 (2 .28)  

Note  t h a t  s i n c e  f i s  a homogeneous f u n c t i o n  o f  
degree 2, I t  i s  easy t o  see t h a t  f +  have con- 
t i n u o u s  f i r s t  d e r i v a t i v e s .  L e t  t h e  i n i t i a l  
c o n d i t i o n  

and 

The exac t  s o l u t i o n s  a r e  shown I n  F i g s .  1 .  

' t  

X X 
cen te red -  expans 1 on s t a t l o n a r y  shock 

F l g u r e  1 Exac t  ( s i m i l a r i t y )  s o l u t i o n  o f  Bu rge rs '  
e q u a t i o n  w i t h  I n i t i a l  c o n d i t i o n s ,  Eqs. (2 .29) .  

I n  t h e  case, UL < 0. s i n c e  t h e  expans ion  jump i s  
n o t  p h y s i c a l l y  admissable.  hence cen te red -expans ion  
fans  g i v e  r i s e  t o  unsteady s o l u t l o n s .  On t h e  o t h e r  
hand, t h e  case UL > 0 a l l o w s  a s t a t l o n a r y  shock 
s o l u t i o n  f o r  t > 0. I t  i s  no ted  t h a t  Roe's o r i g -  
i n a l  f l u x - d i f f e r e n c e - s p l i t  scheme and Murman-Cole's 
scheme f o r  t r a n s o n i c  p o t e n t i a l  e q u a t i o n  admi t  
expans lon  shocks. (See e.g., Har ten  e t  a l . 9 )  

U L = - U R < O  U L = - U R > O  

I n  what f o l l o w s ,  we see t h e  per fo rmance o f  
t h e  f i r s t - o r d e r  scheme Eq. (2 .8 )  a l o n g  w i t h  t h e  
s p l i t t i n g  Eqs. (2 .27)  and (2 .28 ) .  For  c a l c u l a t i o n  
purpose, we a s s i g n  

(2.30) 
U R '  j ?. 

and t a k e  t i m e  s tep ,  A IuL I  = 1.0.  

( 1 )  Expansion, UL = - UR < 0 



( 1 )  Expansion, UL = - UR < 0 

time s 
A t  

2At 

3At 

tep  u - 3  u-2 u - 1  u o  u 1  u 2  
uL L u L / 2  UR/2 UR u 
UL SUL/8 3UL/8 3UR/8 5UR/8 u 

R 

R 
89uL/128 uL/2 39uL/1 28 39uR/1 28 uR/2  89uR/128 

C l e a r l y  t h e  scheme does n o t  admi t  an expans ion  
shock. The expansions a r e  cen te red  about  t h e  
m i d p o i n t  between I n l t l a l  jumps, x = -0.5Ax, and 
spread ove r  2n g r i d  p o i n t s  a t  t = n A t .  

( i t )  Shock, UL = - UR > 0 

t i m e  s t e p  u - ~  U -1 
A t  u L O h L  

2At UL 0.75UL 

3At  u L 0 . 6 8 8 ~ ~  

4At  u L 0 . 7 1 5 ~ ~  

5At u L 0 . 7 0 3 ~ ~  

6At  uL 0 . 7 0 8 ~ ~  

m UL 0 . 7 0 7 ~ ~  

uO 
0. 5uR 

0 . 7 5 ~ ~  

0. 688uR 

0 . 7 1 5 ~ ~  

0. 703uR 

0 . 7 0 8 ~ ~  

0 . 7 0 7 ~ ~  

1 

R 

R 

R 
R 
R 

R 

UR 

U 

U 

U 

U 

U 

U 

U 

We see t h a t  t h e  shock wave i s  s t a t l o n a r y  and i s  
rep resen ted  w i t h  two i n t e r i o r  p o i n t s .  I n  genera l ,  
b o t h  Gudonov’s and Roe’s schemes a l l o w  a s t a t i o n -  
a r y  shock w i t h  one I n t e r i o r  s t a t e  w h i l e  t h e  
Engquist-Osher scheme admi t s  two s t a t e s .  (See 
a l s o  van L e e r l o )  
expans ion  shocks, t h e  Gudonov scheme s tands  as the 
b e s t  f o r  t h e  r e p r e s e n t a t t o n  o f  a s t a t i o n a r y  shock 
connec t ing  t h e  s t a t e s  Eq. (2.30).  a t  l e a s t  f o r  

S ince  Roe’s scheme a l s o  admi ts  

f ( u )  = u2/2.  

For system o f  equa t ions .  t h e  s p l i t - f l u x  
method I s  shown t o  s a t i s f y  t h e  e n t r o p y  i n e q u a l l t y 9 ,  
and i s  t he reby  capab le  o f  s e l e c t i n g  p h y s i c a l l y  
admissab le  s o l u t i o n s .  A c o n t a c t  d i s c o n t i n u i t y ,  
however, w i l l  be smeared over  a l a r g e  e x t e n t ,  as 
seen l a t e r  I n  S e c t i o n  4. Har ten2 suggests use 
o f  a r t i f l c i a l  compression t o  f u r t h e r  sharpen the 
c o n t a c t  d i s c o n t i n u i t y .  However some c a r e  must be 
taken  i n  a r e g i o n  o f  expans ion  so t h a t  en t ropy  
c o n d i t i o n  i s  n o t  v i o l a t e d .  see Yee e t  a l . l l  

We now express  t h e  p resen t  TVD s 
terms o f  numer i ca l  f l u x e s  7 j * 1 / 2  I n  

R e w r i t i n g  Eq. (2 .8a) .  t h e  f i r s t - o r d e r  
scheme y i e l d s  

7 j t 1 / 2  = (fjtl t f j - Atf;)/2, f *  

heme i n  
t h e  equat ion  

(2.31) 

upwl nd 

t -  
= f  - f  

We n o t e  t h a t  Eq. (2 .32)  i s  n o t  t h e  Courant-  
Isacsson-Rees scheme 

(2.32) 

i s  a mean va lue  g i v e n  by where pj t 1 / 2  I 
A + f  /A+u 

w i l l  g l v e  r i s e  t o  
Hence t h e  case d e s c r i b e d  by Eq. (2.29) 

j j .  
ajtlI2 = 0 and r e s u l t  i n  a 

s t a t i o n a r y  expans 1 on-shock, v i  o l a t  i n g  t h e  e n t r o p y  
c o n d i t i o n .  

A f t e r  some a l g e b r a i c  m a n i p u l a t i o n ,  t h e  
second-order scheme Eq. (2.19) g i v e s  

(2 .34)  

where 

(2.35a) 

(2 .35b)  

The l a s t  two terms i n  Eq. (2 .34)  o b v l o u s l y  c o n t r i -  
b u t e  t o  second-order accuracy  and a r e  t h e  a n t i d i f -  
f u s i o n  terms t h a t  a l s o  m a i n t a i n  TVD c o n d i t i o n s .  

1 + h a j t l / 2  2 0 f o r  Remark 1 .  - Note  t h a t  
s t a b l l i t y .  hence R j t1 /2  s a t l s f i e s  t h e  
i n e q u a l i t y  

and i s  o f  o p p o s i t e  s i g n  t o  t h e  t h i r d  t e r m  on RHS 
o f  Eq. (2 .34) .  Thus, I t  i s  c l e a r  t h a t  t h e  p resen t  
and o t h e r  T V O  schemes share  t h e  comnon f e a t u r e  i n  
wh lch  t h e  h i g h e r - o r d e r  TVD procedure  amounts t o  
add ing  more s o p h i s t i c a t e d  a n t i d i f f u s i o n  terms t o  
a b a s i c  l ower -o rde r  scheme wh ich  i t s e l f  i s  a TVO 
s c heme. 

Remark 2. - On t h e  o t h e r  hand, i t  i s  more 
advantageous t o  t h i n k  o f  i t  as add ing  d i f f u s l v e  
terms t o  an u n d e r l y i n g  h i g h e r - o r d e r .  non-TVD 
scheme s o  t h a t  TVO c o n d i t i o n s  a r e  en fo rced .  The 
one-step Lax-Wendroff scheme d e f i n e s  

- f j t 1 / 2  LW =( f j t l  f j  - k a j t 1 / 2 A t f j ) j 2  ( 2 - 3 7  I 

i n  Eq. (2 .31 ) .  R e w r i t i n g  Eq. (2 .34)  g i v e s  

(2 .38 )  

where i t  can be shown 

f o r  0 5 (pf 5 1. 
as s u b s t i t u t e d  I n  f j t 1 / 2  - f j - 1 1 2  i s  seen t o  y t e l d  
a n o n l l n e a r  second-order c e n t r a l  d i f f e r e n c e .  

The l a s t  bLacket  i n  Eq. (2.38) 

(2.33) 

5 



Remark 3. - Note  t h a t  ajtlI2Atf and 
j 

( 1  - B j t l / 2 ) A t f j  i n  Eq. (2 .34)  cor respond t o  

( g j  t gjtl) and Qjt1,2 Atuj i n  H a r t e n ' s  second- 

o r d e r  scheme. 

- 
A = A+ t A-, a, = ait ai (3.6a)  

Remark 4 .  - For smooth s o l u t i o n s  o f  Eq. (2 .1 ) .  

we have rf = 1 t O(  IA'ul) and cp' = 1 + O(lAfUI). 
I t  i s  easy t o  show t h a t  

(2 .39)  Tj t 1 / 2  

hence Eqs. (2 .19)  or (2.38) I s  second-order  
accu ra te .  

- Sf i tem ___ o f  ____ Conserva t ion  __  - ___ Laws- - - - 
One- Dimensiona 1 Equa t i  on> - -__ __- 

I n  t h l s  s e c t i o n  we d e s c r i b e  how t o  ex tend t h e  
procedure  deve loped for t h e  s c a l a r  equat ion .  
namely upwind ing  combined w i t h  t h e  n o t i o n  o f  l i m -  
i t e r s .  t o  systems o f  conse rva t i on  laws. To show 
t h e  ex tens ion .  we w i l l  e x p l o i t  t h e  f a c t  t h a t  i n  
one space dimension, the  system i s  h y p e r b o l i c  and 
hence I s  d i a g o n a l i z a b l e .  As t h e  system i s  
decoupled, t h e  mathemat ica l  p rocedure  e s s e n t i a l l y  
f o l l o w s  what has been descr ibed I n  S e c t i o n  2. But  
I t  i s  l e s s  c l e a r  as t o  how t o  d e f i n e  t h e  argument 
r f o r  t h e  l i m i t e r  cp, which  i s  a key element i n  
t h e  l i m i t e r - t y p e  schemes. 

L e t  us c o n s i d e r  the  one-dimensional  system 

Ut t Fx(U) = 0, t > 0 

(3 .1 )  
U(X,O) = U O ( X )  

Here U and F ( U )  a r e  column v e c t o r s  o f  m com- 
ponents,  t h e  f l u x  vec tor  has a Jacob ian  m a t r i x  

(3 .2 )  

Eq. (3 .1 )  i s  r e w r i t t e n  as 

Ut t A(U)Ux = 0 (3 .3 )  

To complete t h e  ex tens ion  and t h e  p r o o f  o f  TVD 
f o r  t h e  system, we need t o  make t h e  f o l l o w i n g  
as sumpt i ons : 2 

o f  e igenvec to rs .  hence A i s  d i a g o n a l i z a b l e ,  
( 1 )  A has r e a l  e igenvalues and a complete s e t  

( 2 )  A i s  cons tan t .  

L e t  S be a m a t r i x ,  the  columns o f  wh ich  a r e  t h e  
r i g h t  e l g n  e v e c t o r s  o f  A. Then 

S - l A S  = A (3 .4 )  

where A i s  a d iagona l  m a t r i x  

Consequent ly A i s  s p l i t  as 

A = A t +  A- (3.7a) 

A' = SA'S-1 (3.7b) 

We n o t e  t h a t  t o  a r r i v e  a t  t h e  s p l i t  i n  m a t r i x  A, 
Eq. (3 .7 )  t h e  o n l y  c o n d i t i o n  used i s  t h a t  A i s  
d i a g o n a l i z a b l e .  We have as y e t  made no  connec t ion  
w i t h  t h e  f l u x  v e c t o r  F .  

Now l e t  A be  c o n s t a n t ,  hence S and A 
a r e  cons tan t .  From Eq. (3 .2 )  we have 

F = AU (3 .8 )  

for any U. W i t h  t h e  a i d  o f  Eq. (3 .7 ) .  Eq. (3 .8 )  
g i v e s  a s p l i t  i n  F 

F = F t  t F- (3 .9a)  

F- = A-U (3 .9b)  
+ +  

Here we remark t h a t  as a r e s u l t  o f  assumpt ion  ( 2 ) .  
F and F i  a r e  homogeneous f u n c t i o n s  o f  degree 
one. On t h e  o t h e r  hand, f o r  t h e  n o n l i n e a r  system, 
s p e c i f i c a l l y  t h e  E u l e r  equa t ions ,  S teger  and 
Warming12 need t o  r e l y  upon t h e  homogeneous 
p r o p e r t y  o f  F t o  accompl ish  t h e  f l u x  s p l i t t i n g .  

Employing t h e  assumpt ion  ( 1 ) .  we d e f i n e  a 
v e c t o r  W by 

S- lU = W, W = (we: e = l , m }  (3 .10)  

Hence 

S - l F  = AW (3 .1  l a )  

S-lF' = A'W (3.11b) 

F o l l o w l n g  t h e  same procedure  d e s c r i b e d  i n  
S e c t i o n  2, t h e  s p a t i a l  d e r i v a t i v e s  wh ich  appeared 
i n  t h e  Lax-Wendroff  scheme a r e  now approx imated by 

(3 .  

and 

(3 .13)  

Here cpf a r e  s c a l a r  f u n c t i o n s ,  t o  be de termined 
l a t e r .  Then we have 

S ince  A i s  r e a l ,  we can w r i t e  

6 



L e t t i n g  cppf = 0 reduces Eq. (3 .14)  t o  t h e  Eu le r  
e x p l i c i t ,  f i r s t - o r d e r ,  upwind scheme 

I n  t h e  f o l l o w i n g  p r o o f  o f  TVD c o n d i t i o n s  f o r  
a system, Eq. (3 .14 )  i s  cons ide red  and we w i l l  
t r e a t  Eq. (3 .15)  as a subset  o f  Eq. (3 .14) ,  
a l t h o u g h  t h e  second-order a c c u r a t e  TVD scheme I s  
r e a l l y  b u i l t  on t h e  f i r s t - o r d e r  scheme, a p o i n t  
b rough t  o u t  i n  t h e  p rev ious  s e c t i o n .  P r e m u l t i p l y -  
i n g  Eq. (3.14) w i t h  S- and u s i n g  Eqs. (3 .10)  
t o  (3 .11) .  one g e t s  

(3.16) 

S ince  II~ a r e  d iagona l  m a t r i c e s  and ' p j ' s  a r e  
s c a l a r  f u n c t i o n s ,  Eq. (3.16) i s  a m-component 
system o f  decoup led  equa t ions ,  

- cpJ+l(l - A a a ) a  ;tjln A w , 1 i Q i m (3.17) 

T h i s  i s  i d e n t i c a l  t o  t h e  c o n s t a n t - c o e f f i c i e n t  
v e r s i o n  o f  t h e  scheme o f  Eq.-(2.19) f o r  t h e  non- 
l i n e a r  s c a l a r  equa t ion  i f  A+f+ = afATu. Proof of  
T V D  however d e p a r t s  he re  f r o m  t h a t  i n  S e c t i o n  2.  
The most I m p o r t a n t  t h i n g  t o  keep i n  mind  i s :  the 
t r a n s f o r m a t i o n  ( d e c o u p l l n g )  i s  employed mere ly  as 
a mechanism t o  ensure TVD. t h e  u l t i m a t e  goa l  1s 
t r e a t i n g  t h e  system. There fo re ,  i n  t h e  process of 
p r o v i n g  TVD c o n d i t i o n s  f o r  Eq. (3 .17) .  d e f l n i t i o n s  
r e g a r d l n g  r and cp(r) must n o t  h i n d e r  t h e  
t r a n s f o r m a t i o n  back t o  t h e  coup led  system o f  
Eq. (3 .14) .  

r e w r i t t e d  as 
Dropp ing  s u p e r s c r i p t  "Q," Eq. (3.17) I s  

(3.18) 

w i t h  

(3.19a) 

(3.19b) 

Here t h e  t r i c k  i s :  a s s o c i a t e  a l l  t e r m  h a v i n g  "+ "  
e igenva lues  w i t h  cpt and those o f  "-" e igen -  
va lues  w i t h  cp- . A lso ,  r e c o g n i z i n g  t h e  f a c t  
t h a t  t h e  t r a n s f o r m a t l o n  i s  p o s s i b l e  o n l y  f o r  t hose  
w connected w i t h  a t .  i t  becomes c l e a r  t h a t  we 
must r e d e f l n e  r f o r  t h e  system. An obv ious  
c h o l c e  i s  

a+A-w 
+ -1 (3.20a) 

r j  = a+A+w 
j 

a-A+w 

a A wj 

r-  j -  - -A - _  (3.20b) 

Eqs. (3 .19)  a r e  r e w r i t t e n  as 

H a r t e n ' s  TVD c o n d i t i o n s  Eqs. (2.12) a r e  s a t i s f l e d  i f  

and 

x l a1  i 1 (3 .23)  

as Eq. (2 .23 ) .  T h l s  completes t h e  TVD p r o o f  f o r  
each component o f  t h e  decoupled system. 

s t r u c t e d  f o r  t h e  decoupled system Eq. (3.17).  we 
see t h a t  t h e  d e f i n i t i o n s  o f  Eq. (3.20) r e q u i r e  
knowledge o f  t h e  e igenva lues  and e i g e n v e c t o r s  o f  
A ( see  Eqs. (3 .4 ) .  (3 .5 )  and (3 .10) ) .  T h i s  causes 
concerns  n o t  o n l y  i n  numer i ca l  o p e r a t i o n  coun ts  
b u t  a l s o  i n  e x t e n t i o n  t o  mu l t l d lmens lons .  because 
d e c o u p l i n g  systems i n  mu l t l d imens lons  may be an 
ex t reme ly  complex t a s k  i f  p o s s i b l e  a t  a l l .  Hence. 
t h e  g o a l  i s  t o  express  r f  I n  terms o f  s imp le  
v a r i a b l e s  e.g., U o r  p r i m i t i v e  v a r i a b l e s ,  o r  p re -  
f e r a b l y  f l u x e s .  The l a t t e r  has t h e  a t t r a c t i v e  
p r o p e r t y  b e i n g  a b l e  t o  n a t u r a l l y  reduce t o  t h e  
s c a l a r  case. 

I f  a s o l u t l o n  procedure  f o r  Eq. (3 .1 )  I s  con- 

We tu rn  now t o  show a r a t l o n a l  p rocedure  t o  
a r r i v e  a t  d e f i n i t i o n s  o f  r f  f o r  systems o f  
equa t ions .  P u t t l n g  t h e  s u p e r s c r t p t  "Q" back i n  
Eq. (3.20a).  ( r -  i s  done s i m i l a r l y )  b u t  d ropp ing  
s u b s c r l p t  "j", we have 



t t + p  
aiA-wa = raaaA w , 1 5 !i 5 m (3.24a) 

o r  i n  m a t r i x  f o r m  

t + +  
A'A-W = R A A W (3.24b) 

where R t  i s  a d iagona l  m a t r i x  whose d iagona l  
e lements a r e  {rjt: P 1, m) .  P r e m u l t i p l y i n g  
b o t h  s ides  w i t h  S br ings  us back t o  t h e  coup led  
s ys tem, 

(3 .25 )  
t t t  

A'A-U = R A A u 

Wi th  t h e  a i d  o f  Eq. (3 .9 ) .  we can r e l a t e  f l u x e s  
t o  r +  

A-F+ = R A F 
o r  

+ 1- t 
(3.26a) 

1 5 a 5 m (3.26b) 
t * t  

A-F+ = r A F a a a '  

Since  t h e  s i g n s  o f  the  f l u x  d i f f e r e n c e s  a r e  key 
f a c t o r  i n  d e t e r m i n i n g  the  l i m i t e r  f u n c t i o n  cp .  use 
o f  norms must be r u l e d  o u t .  However. some k i n d  o f  
sum I s  needed i n  o rde r  t o  i n c l u d e  i n f l u e n c e s  f r o m  
each component. Several  p o s s i b i l i t i e s  immed ia te l y  
f o l l o w  f r o m  Eqs. (3 .26) .  

(3.27a) 

(3.27b) 

( 3.27 c ) 

The l a s t  c h o i c e  m i m i c s  t h e  
t h e  s i g n .  We see t h a t  Eqs. (3 .27 )  o f f e r  t h e  pos- 
s i b i l i t y  o f  u s i n g  d i f f e r e n t  we igh ts  f o r  d i f f e r e n t  
components o f  F .  Let a l l  components be o f  equal  
we igh t ,  t h e n  f r o m  Eqs. (3 .27)  we can d e f i n e :  

L2-norm b u t  r e t a i n s  

(3.28a) 

(3 .28b)  

( 3 . 2 8 ~ )  

( d )  l e t  

t t  r1 = r o f  Eq. ( 3 . 2 8 ~ )  

and 

(3.28d) 

where <,> denotes i n n e r  p r o d u c t  among a l l  m com- 
ponents .  C l e a r l y ,  t h e  f i r s t  c h o i c e  I s  s i m p l e s t .  

Now, s i n c e  cpf a r e  s c a l a r  f u n c t i o n s .  what i s  
used f o r  t h e  s c a l a r  e q u a t i o n  c a r r i e s  over  automat-  
i c a l l y  t o  systems. T h i s  completes t h e  c o n s t r u c -  
t i o n  o f  TVD scheme Eq. (3 .14 )  f o r  systems o f  con- 
s e r v a t i o n  laws.  

Remark 1 .  - A s  i n  t h e  s c a l a r  case ( S e c t i o n  2).  
we denote  I n  Eq. (3 .14)  

+ 
v j  = cp(r5) (3 .29)  

Remark 2.  - I n  t h e  course  o f  deve lop ing  t h e  
p r e s e n t  scheme, t h e  assumpt ion  o f  A b e i n g  con- 
s t a n t  i s  necessary .  For  t h e  n o n l i n e a r  case, a 
f o r m a l  g e n e r a l i z a t i o n  i s  made. Thus, t h e  same 
i n t e g r a t i o n  scheme o f  Eq. (3 .14 )  s t i l l  a p p l i e s  
s i n c e  i t  i s  t h e  f l u x  d i f f e r e n c e s  t h a t  a r e  used 
and no t r a n s f o r m a t i o n  i s  needed f o r  e v a l u a t i n g  r 
and cp .  Hence, t h e  p r e s e n t  scheme i s  n o t  l i m i t e d  
t o  f l u x - v e c t o r  s p l i l t i n  s ( f o r  example, S teger  and 
Warming12 and van Leer1!), t h e  Roe- t y p e  f l u x  
d i f f e r e n c e  s p l i  t t i n g 3  i s  e q u a l l y  a p p l i c a b l e .  

c a t i o n s  as needed i n  H a r t e n ' s  scheme o r  a Riemann- 
t y p e  s o l v e r  (See e.g., Osher and C h a k r a ~ a r t h y ~ .  
Roe3), b u t  r e q u i r e  t h e  c a l c u l a t i o n  o f  "+I' and 
f l u x e s .  The c o n s t r u c t i o n  o f  "+I' and 'I-' ' f l u x  d i f -  
f e rences  i s  as easy as t h a t  o f  A%, t h e  d i f f e r -  
ences i n  whole f l u x .  A lso ,  t h e  c a l c u l a t i o n  
r e q u i r e d  o f  r f  and C$ i s  m in ima l  once A * F i  
a r e  formed; t h e  amount o f  o p e r a t i o n s  i n  Eq. (3 .14)  
shou ld  be n e a r l y  t w i c e  as much as t h e  
converint 1 ona l  
non- lVD, l a x - w e n d r o f f  scheme(without add ing  a d d i -  
t i o n a l  d i s s i p a t i o n ) .  A l so  t h e  i n c r e a s e  i n  s to rage  
v a r i e s  w i t h  schemes, and i s  min ima l  f o r  e x p l l c i t  
schemes. 

Remark 4 .  - We can w r i t e  t h e  numer i ca l  f l u x e s  
Fj+_1/2 f o r  t h e  system i n  t h e  same way as t h e  
s c a l a r  case ( S e c t i o n  2 ) .  I f  f a c t ,  one mere l y  
rep laces  i n  Eqs. (2.32) t o  (2.35) t h e  s c a l a r  f l u x  
w i t h  f l u x - v e c t o r s  and a w i t h  t h e  Jacob ian  m a t r i x  
A.  

Remark 3. - We a v o i d  m a t r i x - v e c t o r  m u l t i p l i -  

I n  t h i s  s e c t i o n  we a p p l y  what has been 
desc r ibed  i n  S e c t i o n  3 toward  t h e  s o l u t i o n s  o f  
E u l e r  equa t ions  i n  one- and two-space d imens ions .  
To d e s c r i b e  t h e  ex tens ion ,  we c o n s i d e r  t h e  
one-d imens iona l  e q u a t i o n  

U t  + Fx(U) = 0 ( 4 . l a )  

where 

p = ( y  - 1) p ( E  - 0.5 u2) 

To accompl ish  t h e  d i f f e r e n c i n g  o f  

( 4 . 1 ~ )  

F t  and 
F -  i n  Eq. (3 .14 ) .  we choose t o  use f l u x - v e c t o r  
s p l i  L t i n g s  g i v e n  by Steger-Warming12 and van L e e r l 3 .  
They a r e  w r i t t e n .  f o r  completeness. as f o l l o w s :  
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( a )  S teger -  Warming 

L e t  t h e  e igenva lues  o f  A be 

2 
( a  .a ,a ) = (u,u t c. u - c ) ,  c = YP/P (4.2) 1 2 3  

and 

S ince  t h e  f l u x  v e c t o r  i n  Eq. (4 .1 )  i s  a homogeneous 
f u n c t i o n  o f  degree one, we have 

Hence. t h e  f l u x  i s  s p l i t  as 

F = AU,  A = aF/aU (4.3) 

t + t  
2 ( y  - 1)a; t a; + a; 

2 (y  - 1 )a ja l  + a;a2 + + a3a3 + 

( y  - 1)a:a: t 0.5 (.;a; + a;.:) + w 

(4.4)-  

i t  
where w = ( 3  - y)(a; t a;)c/2(y - 1 ) .  

( b )  van I-ecr 

i v a t i v e s  o f  F i  a t  t r a n s i t i o n  s t a l e s ,  u = 0. 
o r  u = i c ,  van Leer c o n s t r u c t s  a f l u x - v e c t o r  
s p l i l t i n g  c o n s i s t i n g  o f  a po l ynomia l  o f  degree 
two, the reby  ensu r ing  con t inuous  f i r s t - o r d e r  
d e r i v d t i v e s .  

To c i r cumven t  t h e  d i s c o n t i n u i t y  o f  f i r s t  der- 

For superson ic  f l o w ,  I u I  > c 

F t  = F ,  > 0 

F - = F ,  u < O  
(4.5a) 

For subson ic  f l ow ,  I u I  < c, l e t  
2 

F: = f p ( u  i C )  /4c, 

F; [ ( y  - 1 ) u  i 2c ]  

Both  s p l i t t i n g s  were used i n  t h e  numer i ca l  
exper iment5  t o  de termine t h e i r  a p p l i c a b i l i t y  t o  
t h e  o r e s e n t  T V D  scheme. I n  t h e  f o l l o w i n g .  we d i s -  
cuss the  s p e c i f i c  problems s t u d i e d .  

ORe- Kime_n>ipna_l Sho_cck_ Tube _Pro_bl_em_ 

a c c u r a t e  scheme Eq. (3 .14 ) ,  f i r s t  we c o n s i d e r  the 
Sod p rob lem w i t h  t h e  i n i t i a l  c o n d i t i o n .  

l o  t e s t  t h e  performance o f  t h e  second o rde r  

j i O . 3 ,  8.0, O.0j. x < o 
(4.6) I (1.0,  1.0,  0 .0) .  x > 0 

(P,P,U) = 

F igu res  2 show t h e  comparisons o f  c a l c u l a t e d  and 
exac t  s o l u t i o n s  o f  p ressu re ,  d e n s i t y ,  i n t e r n a l  
energy,  and v e l o c i t y ;  t h e  i n i t i a l  c o n d i t i o n  i s  
a l s o  Inc luded .  The Steger-Warming s p l i t t i n g  was 
used; t h e  CFL number was 0.95 and t h e  domain 
d i v i d e d  e q u a l l y  i n t o  200 i n t e r v a l s .  The l i m i t e r  
f u n c t i o n  was 

'pl = / m i n ( l , r ) ,  r > o 
(4 .7 )  

0, r < O  

where r was d e f i n e d  by Eq. ( 3 . 2 8 ~ ) .  I t  i s  e v i -  
den t  t h a t  t h e  c o n t a c t  d i s c o n t i n u i t y  was smeared 
due t o  excess i ve  d i f  f u s i v i t y .  Har ten2 r e p o r t e d  
s u b s t a n t i a l  improvement i n  t h e  r e s o l u t i o n  o f  t h e  
c o n t a c t  d i s c o n t i n u i t y  th rough  t h e  a d d i t i o n  o f  a r t i -  
f i c i a l  compression. Here we show t h e  r e s u l t s  o f  
u s i n g  d i f f e r e n t  d e f i n i t i o n s  g i v e n  i n  Eqs. (3 .28) .  
(Note:  t h e  d e f i n i t i o n  f o r  r - ,  a l t h o u g h  n o t  g i v e n  
here ,  car) be e a s i l y  g o t t e n  f r o m  Eq. (3.20b) and by 
f o l l o w i n g  s teps  Eqs. (3.21) t o  ( 3 . 2 8 ) ) .  The d e f i -  
n i t i o n  o f  Eq. (3.28a),  t h e  r e s u l t s  o f  wh ich  a r e  
shown i n  F i g s .  3, c l e a r l y  gave t h e  b e s t  r e s u l t s  
w h i l e  t h e  r e s u l t s  co r respond ing  t o  Eq. (3.28b) 
were t h e  poores t ,  d i s p l a y i n g  as e v i d e n t  i n  F i g .  4 
s l i g h t  o s c i l l a t i o n s  near t h e  c o n t a c t  d i s c o n t i n u i t y .  
However. t h e  shock wave and expans ion  waves were 
p r e d i c t e d  v e r y  w e l l  f o r  t h e  n o n l i n e a r  system i n  
a l l  cases. 

r > o 

'p2 = ]  0, r < D  

I t  i s  seen i n  F i g .  5 t h a t  t h e  c o n t a c t  d i s c o n t i n u i t y  
was f u r t h e r  improved. Bu t  s l i g h t  o s c i l l a t i o n s  
occu r red  i n  t h e  expans ion  r e g i o n ,  p o s s i b l y  due t o  
t h e  f a c t  o f  u s i n g  * 5 2 wh ich  v i o l a t e s  t h e  TVD 
c o n d i t i o n s  i n  t h e  p resen t  f o r m u l a t i o n .  We a l s o  
dev i sed  a mechanism by wh ich  a d ramat i c  improve- 
ment was observed a t  t h e  c o n t a c t  d i s c o n t i n u i t y ;  
more a n a l y s i s  i s  underway and w l l l  be r e p o r t e d  
elsewhere. 

Next Roe's "superbee"14 was used, 

max { tn in (2 r ,1 ) ,  rn in ( r ,2 ) ) ,  
(4 .8 )  

Next we t e s t e d  a case i n v o l v i n g  a much 
s t r o n g e r  shock wave w i t h  t h e  i n i t i a l  da ta :  

( (500,  400, O . O ) ,  x < o 
(4 .9 )  I (1.0 ,  1.0, 0.0). x > 0 

(P.P,U) = 

F igu res  6 show t h e  r e s u l t s  c a l c u l a t e d  u s i n g  
Eq. (3 .28a) ;  t h e  shock wave as w e l l  as t h e  expan- 
s i o n  waves were a c c u r a t e l y  p r e d i c t e d  and monoto- 
n i c i t y  was s a t i s f i e d .  However, t h e  e x t e n t  o f  
smearing a t  t h e  c o n t a c t  d i s c o n t i n u i t y  was n o t  
accep tab le .  Hence, c a l c u l a t i o n s  w i t h  f i n e r  meshes 
o f  500 equa l  spac ings  were made, as seen i n  
F igs .  7 much b e t t e r  r e s u l t s  wcre ob ta ined .  

Quaii_one-Dlm_en_sio_nal_ N_o_zz_lg pr_q_blbl_em_ 

The f l o w s  a r e  desc r ibed  by 

where S i s  t h e  c r o s s - s e c t i o n a l  a rea  o f  t h e  
nozz le .  Two n o z z l e  shapes were cons idered:  
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S1(x) = 1.398 t 0.347 tanh ( 0 . 8 ~  - 4 ) .  0 5 x 5 1 0  

(4.1 l a )  

and 

1.75 - 0.75 cos ( 0 . 2 ~  - 1)m. 0 5 X 5 5 

1.25 - 0.25 cos ( 0 . 2 ~  - l )m ,  5 5 x 5 10  

(4.1 1 b )  

S2(X) = 

Un i fo rm g r i d s  o f  100 i n t e r v a l s  were used i n  
b o t h  n o 7 ~ l e s .  I n  a d i ve rgen t  channel  where t h e  
i n f l o w  Mach number was 1.26 and t h e  e x i t  p ressu re  
r a t i o  was 0.746. t h e  van Leer s p l i t t i n g  Eq. (4 .5 )  
edged Steger-Warming's I n  r e s o l v i n g  t h e  shock 
wave, F i g .  8. T h i s  i s  r e l a t e d  t o  t h e  con t inuous  
t r a n s i t i o n  o f  f l u x e s  s p l i t t i n g  th rough  t h e  son ic  
s t a t e  I n s i d e  t h e  "numer i ca l "  shock wave. I t  I s  
more e v i d e n t  i n  t h e  convergen t -d i ve rgen t  channe l  
where t h e  I n f l o w  Mach number and t h e  e x i t  p ressu re  
r a t i o  a r e  0.2395 and 0.84 r e s p e c t l v e l y .  F i g u r e  9 
d i s p l a y s  c l e a r l y  t h e  " k i n k "  a t  t h e  son ic  t h r o a t  i n  
Sterger-Warmlng's s p l i t t i n g .  The van Leer s p l i t -  
t i n g  per fo rmed adml rab ly  w e l l  a t  t h e  t h r o a t  
d l t h o u g h  t h e  exac t  s o l u t i o n  has a d i s c o n t i n u i t y  i n  
f i r s t  d e r i v a t i v e  r e s u l t i n g  f rom a jump i n  S2". 

We a l s o  a p p l i e d  the  same i d e a  f o r  c o n s t r u c t -  
i n g  t h e  above-descr ibed TVD scheme. t o  t h e  
MacCormack e x p l i c i t  method. 
see whether and how w e l l  t h e  p r e s e n t  I d e a  worked 
i n  a scheme where each o f  t h e  p r e d i c t o r - c o r r e c t o r  
s teps  u t i l i z e s  one-sided ( b u t  n o t  upwlnd) d l f f e r -  
ences. The c a l c u l a t e d  r e s u l t s ,  a l t h o u g h  n o t  
shown, were e s s e n t i a l l y  i d e n t i c a l  i n  b o t h  n o z z l e  
f l o w s .  

- Two- - - Dimensional  __ - - - - - Problem - - - - 

A comp le te l y  d i f f e r e n t  approach toward  t h e  
s o l u t l o n  was taken:  ( 1 )  S t e a d y - s t a t e  equa t ions  
were used. 1.e. 

The purpose was t o  

Fx(U) t Gy(U) = 0 

Here t h e  t y p e  o f  t h e  equat ions  may be no l o n g e r  
h y p e r b o l i c  and hence the n o t i o n  o f  TVD i s  unc lea r ;  
( 2 )  We used Newton's method t o  l i n e a r i z e  t h e  sys- 
tem Eq. (4 .12)  and ob ta ined an i m p l i c i t  i n t e g r a -  
t i o n  procedure,  as opposed t o  t h e  Lax-Wendroff  
t ype ;  And f i n a l l y ,  ( 3 )  The b a s i c  u n d e r l y i n g  scheme 
used second-order upwind d i f f e r e n c i n g  and was con- 
v e r t e d  t o  a fo rm s i m i l a r  t o  Eq. (3 .12) .  For  
example, t h e  d e r i v a t i v e  o f  F i s  approx imated by 

(4.12) 

Wi thou t  mathematical  gu idance,  we s i m p l y  
c a r r y  over  t h e  preced ing  f o r m u l a t i o n .  However, i t  
i s  assumed t h a t  s i n c e  the  t ime-asymplo te  s teady  
s o l u t i o n  t o  t h e  unsteady equa t ions  can p rese rve  
m o n o t o n i c i t y ,  t h e  s o l u t i o n  t o  t h e  s teady  equa t ions  
mu,t a l s o  have t h e  i d e n t i c a l  p r o p e r t y  (un iqueness  
of  s o l u t i o n s  I s  assumed). 

i s  a l i g n e d  w i t h  a g r i d  l i n e  and can be rep resen ted  
I n  one-dimensional  problems, t h e  shock wave 

w i t h  a sharp  p r o f l l e  by TVO schemes. I n  t h i s  sec- 
t i o n  we w i s h  t o  t e s t  ou r  scheme on two-d lmens iona l  
problems. i n  p a r t i c u l a r  where t h e  shock waves c u t  
across  g r i d  l i n e s .  We c o n s i d e r  a r e g u l a r  r e f l e c -  
t i o n  o f  an  o b l i q u e  shock wave f r o m  a s o l i d  su r face .  
Two I n f l o w  Mach numbers were t e s t e d  t o  see t h e  
e f f e c t  o f  shock s t r e n g t h  on t h e  per fo rmance.  The 
i n f l o w  c o n d i t i o n s  were f u l l y  s p e c l f i e d  w i t h  f r e e -  
s t ream va lues  and t h e  c o n d i t i o n s  a t  t h e  t o p  bound- 
a r y  were s e t  t o  s a t i s f y  t h e  shock-jump r e l a t i o n s  
w i t h  a s p e c l f i e d  shock ang le .  The v a r i a b l e s  a t  
t h e  o u t f l o w  boundary were e x t r a p o l a t e d  l i n e a r l y .  
A t  t h e  s o l i d  w a l l ,  we l e t  v and t h e  g r a d i e n t  o f  
t h e  o t h e r  v a r i a b l e s  van ish .  (See a l s o  r e f .  11) .  

2.9 and a shock a n g l e  o f  29.0 degrees; t h e  computa- 
t i o n a l  domain con ta ined  60x20 meshes e q u a l l y  d i v i d e d  
i n  a domain 0.0 5 X 5 4.0, and 0.0 5 Y 5 1.0. 
F igu res  10  show t h e  comparisons o f  p r e s s u r e  f r o m  
d i f f e r e n t  c a l c u l a t i o n s  w i t h  exac t  s o l u t i o n s  a t  
Y = 0 and 0.5, t o g e t h e r  w i t h  p r e s s u r e  con tou rs .  
The second-order  upwind scheme w i t h  no added 
a r t l f l c l a l - d a m p i n g  d i s p l a y e d  over -expans ion  and 
over -compress ion  j u s t  ups t ream and downstream o f  
t h e  shock. t h e r e b y  caus lng  s l i g h t  i r r e g u l a r l t i e s  
i n  con tou rs  near  t h e  shock wave. A l l  c a l c u l a t i o n s  
w l t h  t h e  p resen t  p rocedure  d i d  p r e d i c t  monotonic 
t r a n s i t i o n  th rough  shock waves, b u t  i n  most cases 
t h e  shock waves were smeared t o  a much l a r g e r  
e x t e n t  t han  i n  t h e  one-dimensional  problems. The 
d e f i n i t i o n  o f  Eq. (3.28a) gave s l i g h t l y  b e t t e r  
r e p r e s e n t a t i o n  o f  shock waves t h a n  Eq. ( 3 . 2 8 ~ ) .  
The b e s t  came w i t h  u s i n g  van L e e r ' s  s p l i t t i n g  and 
Eq. (3 .28a) .  showing much improved shock-wave 
r e s o l u t i o n s .  perhaps as good as f r o m  t h e  one- 
d imens iona l  cases. T h i s  m i g h t  l o o k  s u r p r i s i n g  
s i n c e  i n  t h e  superson ic  f l o w s  b o t h  s p l i t t l n g s  
shou ld  g i v e  t h e  I d e n t i c a l  r e s u l t s .  However, t h i s  
i s  t r u e  o n l y  f o r  t h e  x - f l u x  F .  b u t  t h e  y - f l u x  G 
I s  s p l i t  d i f f e r e n t l y  as t h e  t r a n s v e r s e  v e l o c i t y  
component i s  subson ic .  

r e s u l t i n g  I n  an o v e r a l l  p ressu re  r i s e  o f  a f a c t o r  
o f  153; t h e  incoming Mach number was 10 .0  and t h e  
shock ang le  remained t h e  same as above. 
t h e  domain 0.0 5 X 5 5.5,  and 0.0 5 Y 5 1 . 0  i n t o  
82x20 meshes w i t h  same AX as above. The van 
Leer s p l i t t i n g  was used a l o n g  w i t h  d e f i n i t i o n  
Eq. (3 .28a) .  The p r e s s u r e  d i s t r i b u t i o n s  and con- 
t o u r s  a r e  g i v e n  i n  F i g s  11. The p ressu re  a t  
Y = 0.5 was remarkab ly  we l l -behaved .  However, 
t h e  m o n o t o n i c i t y  seemed l o s t  i n  t h e  s u r f a c e  p res -  
sure ,  p o s s i b l y  due t o  e x t r a p o l a t i o n  f r o m  t h e  
i n t e r i o r  s o l u t i o n s .  Roe's "superbee" d i s p l a y e d  
s l i g h t l y  sharper  r e p r e s e n t a t i o n  o f  shock waves 
t h a n  t h e  case m 5 1.0, b u t  a l s o  deve loped a 
s t r o n g e r  ove rshoo t  i n  t h e  s u r f a c e  p ressu re  j u s t  
beh ind  t h e  shock wave. 

The f i r s t  case had an incoming Mach number o f  

Nex t  l e t  us c o n s i d e r  a s t r o n g  shock wave 

We d i v i d e d  

Concludi_?g Remarks 

I n  t h e  p r e s e n t  paper we showed a s imp le  and 
genera l  p rocedure  f o r  c o n s t r u c t i n g  a TVD d i f f e r -  
enc ing  scheme i n  wh ich  second-order  accuracy  was 
ma ln ta lned ,  excep t  i n  r e g i o n s  h a v i n g  extrema o f  
f l u x e s .  We showed t h a t  any non TVD d l f f e r e n c i n g s  
c o u l d  be  conver ted  by w r i t i n g  I t  as a f i r s t - o r d e r  
upwind scheme p l u s  rema in ing  h i g h e r - o r d e r  f l u x e s  
d i f f e r e n c e s  upon wh ich  l i m i t i n g  f u n c t i o n s  were 
a p p l i e d  so as t o  s a t i s f y  H a r t e n ' s  T V D  c o n d i t i o n s  

10 



I n  t h e  n o n l i n e a r  s c a l a r  equa t ion  and cons tan t -  
c o e f f l c i e n t  h y p e r b o l l c  system o f  equa t lons .  A 
mathemat ica l  p r o o f  was g l v e n  and d e f l n l t i o n s  o f  
arguments f o r  t h e  l i m i t e r  f u n c t i o n s  d e r i v e d  f o r  
t h e  system. G e n e r a l i z a t i o n s  t o  t h e  n o n l l n e a r  
E u l e r  equa t lons  were c a r r i e d  o u t .  Numer ica l  t e s t s  
were conducted  t o  see t h e  per fo rmance o f  t h e  p r o -  
posed scheme; ques t l ons  r e g a r d i n g  l i m i t e r s  were 
i n v e s t i g a t e d .  We found t h e  d e f i n i t i o n  o f  t h e  
argument appear lng  I n  a l i m l t e r  was q u i t e  c r i -  
t i c a l  i n  g e t t i n g  good r e s o l u t l o n  f o r  d i s c o n t i n u -  
i t l e s .  b u t  o t h e r w i s e  a l l  d e f l n i t l o n s  seemed t o  
y i e l d  monotone behav io r .  F u r t h e r  improvement i n  
r e p r e s e n t l n g  a c o n t a c t  d i s c o n t i n u i t y  was a l s o  
found p o s s i b l e .  I t  has become c l e a r  t o  us t h a t  
more ana lyses  can be done i n  t h e  area  o f  l i m i t e r s  
t o  ach ieve  s u b s t a n t i a l  improvements. We s h a l l  
r e p o r t  t h i s  I n  a f o r t h c o m i n g  p a p e r l s .  
a l s o  demonstrated t h a t  f o r  s t e a d y - s t a t e  c a l c u l a -  
t i o n s  t h e  van Leer s p l i t t i n g  was i n  a l l  cases more 
a c c u r a t e  t h a n  t h e  Steger-Warming s p l i t t i n g .  
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FIGURE 2. - ONE-DIMENSIONAL SHOCK TUBE PROBLEM. INITIAL CONDITION AS GIVEN 
IN EQ. (4.6). RESULTS FROM THE SOLUTION USING EQS. (3.28~) AND (4.7), 
AX = 0.05, CFL = 0.95. 
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FIGURE 3.  - ONE-DIMENSIONAL SHOCK TUBE PROBLEM. INITIAL CONDITION AS GIVEN 

IN EP. (4.6). RESULTS FROM THE SOLUTION USING EQS. (3.28A) AND (4.71, 
AX = 0.05, CFL = 0.95. 
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FIGURE 4. - ONE-DIMENSIONAL SHOCK TUBE PROBLEM, INITIAL CONDITION AS GIVEN 
IN EQ. (4.61. RESULTS FROM THE SOLUTION USING EQS. (3.28~1 AND (4.71, 
AX = 0.05. CFL = 0.95. a 
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FIGURE 5. - ONE-DIMENSIONAL SHOCK TUBE PROBLEM, I N I T I A L  CONDITION AS GIVEN 

I N  EQ. (4.6). RESULTS FROM THE SOLUTION USING EQS. (328~) AND (4.81, 
AX = 0.05. CFL = 0.95. 



FIGURE 6. - ONE-DIMENSIONAL SHOCK TUBE PROBLEM. INITIAL CONDITION AS GIVEN 
IN EQ. (4.9). RESULTS FROM THE SOLUTION USING EQS. (3.28~) AND (4.71, 
AX = 0.05, CFL = 0.95. 



FIGURE 7. - ONE-DIRENSIONAL SHOCK TUBE PROBLEM, I N I T I A L  CONDITION AS GIVEN 
I N  EQ. (4.9). RESULTS FROM THE SOLUTION USING EQS. (328~) AND (4.71, 
M = 0.02, CFL = 0.475. 
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( A )  STEGER-WARMI NG SPLITTING, 
EQS. (4.4). 

(B) VAN LEER SPLITTING, 
EQS. (4.5). 

FIGURE 8. - STATIC PRESSURE DISTRIBUTION I N  THE DIVERGENT NOZZLE, EQ. 
(4.11~1, M, = 1.26. RATIO OF STATIC TO TOTAL PRESSURE = 0.746. 

do 0 in 2 4 6 x  IO 

( A )  STEGER-WARMING SPLITTING, 
EQS. (4.4). 

0 .- 

(B) VAN LEER SPLITTING, 
EQS. (4.5). 

FIGURE 9. - STATIC PRESSURE DISTRIBUTION I N  THE CONVERGENT-DIVERGENT 
NOZZLE, EQ. (4,11B), M, = 0.2395, RATIO OF STATIC TO TOTAL PRES- 
SURE = 0.84. 
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( A )  SECOND-ORDER UPWIND SCHEME. SWS. 

FIGURE 10. - SHOCK REFLECTION PROBLEM. STATIC PRESSURE 
DISTRIBUTION AT y = 0 AND y = 0.5 AND PRESSURE CON- 

M, = 2.9. SHOCK ANGLE = 29 DEGREES. 
TOURS (MIN = 0.5, MAX = 4.0, INCREMENT = 0.007). 
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